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STRICHARTZ ESTIMATES ON KERR BLACK HOLE
BACKGROUNDS
MIHAI TOHANEANU
Abstrat. We study the dispersive properties for the wave equation in the Kerr
spae-time with small angular momentum. The main result of this paper is to estab-
lish Strihartz estimates for solutions of the aforementioned equation. This follows
a loal energy deay result for the Kerr spae-time obtained in the earlier work [23℄
and uses the tehniques and results from [13℄ by the author and ollaborators. As
an appliation, we then prove global well-posedness and uniqueness for the energy
ritial semilinear wave equation.
1. Introdution
Understanding the deay properties of solutions to the linear wave equation on Kerr
bakgrounds is onsidered a ruial rst step in proving the stability of the Kerr solution
to the Einstein equations. Until reently even the problem of obtaining uniform bounds
for suh solutions was ompletely open, and only some partial results (pointwise deay
and energy bounds for azimuthal solutions away from the event horizon) were obtained
in [6℄, [7℄. Reently in [23℄ and independently in [4℄, [5℄, [1℄ uniform pointwise bounds
as well as loal energy deay were established for small angular momentum. The aim of
this paper is to prove Strihartz estimates under the same assumption of small angular
momentum.
The Kerr geometry in Boyer-Lindquist oordinates is given by
ds2 = gttdt
2 + gtφdtdφ + grrdr
2 + gφφdφ
2 + gθθdθ
2
where t ∈ R, r > 0, (φ, θ) are the spherial oordinates on S2 and
gtt = −∆− a
2 sin2 θ
ρ2
, gtφ = −2a2Mr sin
2 θ
ρ2
, grr =
ρ2
∆
gφφ =
(r2 + a2)2 − a2∆sin2 θ
ρ2
sin2 θ, gθθ = ρ
2
with
∆ = r2 − 2Mr + a2, ρ2 = r2 + a2 cos2 θ.
Here M represents the mass of the blak hole, and aM its angular momentum.
A straightforward omputation gives us the inverse of the metri:
gtt = − (r
2 + a2)2 − a2∆sin2 θ
ρ2∆
, gtφ = −a2Mr
ρ2∆
, grr =
∆
ρ2
,
1
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gφφ =
∆− a2 sin2 θ
ρ2∆sin2 θ
, gθθ =
1
ρ2
.
The ase a = 0 orresponds to the Shwarzshild spae-time. We shall subsequently
assume that a is small a ≪ M , so that the Kerr metri is a small perturbation of the
Shwarzshild metri. We let ✷K denote the d'Alembertian assoiated to the Kerr metri.
In the above oordinates the Kerr metri has singularities at r = 0 on the equator
θ = π/2 and at the roots of ∆, namely r± = M ±
√
M2 − a2. The singularity at r = r+
is just a oordinate singularity, and orresponds to the event horizon. The singularity
at r = r− is also a oordinate singularity; for a further disussion of its nature, whih is
not relevant for our results, we refer the reader to [3, 9℄. To remove the singularities at
r = r± we introdue funtions r∗, v+ and φ+ so that (see [9℄)
dr∗ = (r2 + a2)∆−1dr, dv+ = dt+ dr∗, dφ+ = dφ+ a∆−1dr.
The metri then beomes
ds2 = − (1 − 2Mr
ρ2
)dv2+ + 2drdv+ − 4aρ−2Mr sin2 θdv+dφ+ − 2a sin2 θdrdφ+ + ρ2dθ2
+ ρ−2[(r2 + a2)2 −∆a2 sin2 θ] sin2 θdφ2+
whih is smooth and nondegenerate aross the event horizon up to but not inluding
r = 0. Just like in [13℄ and [23℄, we introdue the funtion
v˜ = v+ − µ(r)
where µ is a smooth funtion of r. In the (v˜, r, φ+, θ) oordinates the metri has the form
ds2 = (1 − 2Mr
ρ2
)dv˜2 + 2
(
1− (1 − 2Mr
ρ2
)µ′(r)
)
dv˜dr
− 4aρ−2Mr sin2 θdv˜dφ+ +
(
2µ′(r) − (1− 2Mr
ρ2
)(µ′(r))2
)
dr2
− 2aθ(1 + 2ρ−2Mrµ′(r)) sin2 drdφ+ + ρ2dθ2
+ ρ−2[(r2 + a2)2 −∆a2 sin2 θ] sin2 θdφ2+.
On the funtion µ we impose the following two onditions:
(i) µ(r) ≥ r∗ for r > 2M , with equality for r > 5M/2.
(ii) The surfaes v˜ = const are spae-like, i.e.
µ′(r) > 0, 2− (1 − 2Mr
ρ2
)µ′(r) > 0.
As long as a is small, we an work with the same funtion µ as in the ase of the
Shwarzshild spae-time.
For onveniene we also introdue
φ˜ = ζ(r)φ+ + (1− ζ(r))φ
where ζ is a uto funtion supported near the event horizon and work in the (v˜, r, φ˜, θ)
oordinates whih are idential to (t, r, φ, θ) outside of a small neighborhood of the event
horizon.
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Given r− < re < 2M we onsider the wave equation
(1.1) ✷Ku = f
in the ylindrial region
(1.2) MR = {v˜ ≥ 0, r ≥ re}
with initial data on the spae-like surfae
(1.3) Σ−R =MR ∩ {v˜ = 0}
The lateral boundary of MR,
(1.4) Σ+R =MR ∩ {r = re}
is also spae-like, and an be thought of as the exit surfae for all waves whih ross the
event horizon.
We dene the initial (inoming) energy on Σ−R as
(1.5) E[u](Σ−R) =
∫
Σ−R
(|∂ru|2 + |∂v˜u|2 + |6∇u|2) r2drdω
the outgoing energy on Σ+R as
(1.6) E[u](Σ+R) =
∫
Σ+
R
(|∂ru|2 + |∂v˜u|2 + |6∇u|2) r2edv˜dω
and the energy on an arbitrary v˜ slie as
(1.7) E[u](v˜0) =
∫
MR∩{v˜=v˜0}
(|∂ru|2 + |∂v˜u|2 + |6∇u|2) r2drdω
For solutions to the onstant oeient wave equation on R × R3, the well-known
Strihartz estimates state that
(1.8) ‖|Dx|−ρ1∇u‖Lp1t Lq1x . ‖∇u(0)‖L2 + ‖|Dx|
ρ2f‖
L
p′
2
t L
q′
2
x
.
Here the exponents (ρi, pi, qi) are subjet to the saling relation
(1.9)
1
p
+
3
q
=
3
2
− ρ
and the dispersion relation
(1.10)
1
p
+
1
q
≤ 1
2
, 2 < p ≤ ∞.
All pairs (ρ, p, q) satisfying (1.9) and (1.10) are alled Strihartz pairs. Those for whih
the equality holds in (1.10) are alled sharp Strihartz pairs. Suh estimates rst appeared
in the seminal works [2℄, [18, 19℄ and as stated inlude ontributions from, e.g., [8℄, [16℄,
[10℄, [12℄, and [11℄.
If one allows variable oeients, suh estimates are well-understood loally-in-time.
For smooth oeients, this was rst shown in [15℄ and later for C2 oeients in [17℄
and [20, 21, 22℄.
Globally-in-time, the problem is more deliate. Even a small, smooth, ompatly sup-
ported perturbation of the at metri may refous a group of rays and produe austis.
Thus, onstruting a parametrix for inoming rays proves to be quite diult. At the
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same time, one needs to ontend with the possibility of trapped rays at high frequenies
and with eigenfuntions/resonanes at low frequenies.
Our main theorem is the following global in time estimate:
Theorem 1.1. If u solves ✷Ku = f in MR then for all nonsharp Strihartz pairs
(ρ1, p1, q1) and (ρ2, p2, q2) we have
(1.11) E[u](Σ+R) + sup
v˜
E[u](v˜) + ‖∇u‖2
L
p1
v˜
H˙
−ρ1 ,q1
x
. E[u](Σ−R) + ‖f‖2Lp′2
v˜
H˙
ρ2,q
′
2
x
.
Here the Sobolev-type spaes H˙s,p oinide with the usual H˙s,p homogeneous spaes
in R
3
expressed in polar oordinates (r, ω).
As a orollary of this result one an onsider the global solvability question for the
energy ritial semilinear wave equation in the Kerr spae. Let
Σ0 = {t = 0}
Note that Σ0 is a smooth, spaelike surfae.
We now onsider the Cauhy problem with initial data on Σ0:
(1.12)


✷Ku = ±u5 in M
u = u0, T˜ u = u1 in Σ0.
Here T˜ is a vetor eld that is smooth, everywhere timelike and equals ∂v˜ on Σ0 outside
MC . Observe that we annot use ∂v˜ on all of Σ0 sine it beomes spaelike inside the
ergosphere (i.e. when gtt > 0).
Theorem 1.2. Let re > r−. Then there exists ǫ > 0 so that for eah initial data (u0, u1)
whih satises
E[u](Σ0) ≤ ǫ
the equation (1.12) admits an unique solution u in the region {r > re} whih satises the
bound
E[u](Σre) + ‖u‖H˙s,p({r>re}) . E[u](Σ0)
for all indies s, p satisfying
4
p
= s+
1
2
, 0 ≤ s < 1
2
.
Furthermore, the solution has a Lipshitz dependene on the initial data in the above
topology.
Theorem 1.2 follows from Theorem 1.1 exatly like in Setion 5 of [13℄, hene we will
now fous on proving the latter.
Aknowledgements: The author would like to thank Daniel Tataru for many useful
onversations and suggestions regarding the paper.
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2. The Strihartz estimates
In this setion we will prove Theorem 1.1. The key to the proof is the approah devel-
oped in [14℄ for small perturbations of the Minkowski metri and [13℄ for the Shwarzshild
metri whih allows one to establish global-in-time Strihartz estimates provided that a
strong form of the loal energy estimates holds.
A weaker loal energy result has been proved in [23℄. We rst improve this to a stronger
result that only requires logarithmi losses in the energy norm. We then apply the
tehniques from [14℄ and [13℄ to obtain Strihartz estimates for all nonsharp exponents.
Let us rst reall the setup and results from [23℄. Let τ, ξ,Φ and Θ be the Fourier
variables orresponding to t, r, φ and θ, and
p(r, φ, τ, ξ,Φ,Θ) = gttτ2 + 2gtφτΦ + gφφΦ2 + grrξ2 + gθθΘ2
be the prinipal symbol of ✷K. On any null geodesi one has
(2.1) p(t, r, φ, θ, τ, ξ,Φ,Θ) = 0.
Moreover, all trapped null geodesis in the exterior r > r+ must also satisfy (see [23℄
for more details):
(2.2) ξ = 0
(2.3) r = onstant so that (2r∆− (r −M)ρ2)2 ≤ 4a2r2∆sin2 θ
(2.4) Ra(r, τ,Φ) = 0
where
Ra(r, τ,Φ) =(r
2 + a2)(r3 − 3Mr2 + a2r + a2M)τ2
− 2aM(r2 − a2)τΦ − a2(r −M)Φ2
By (2.1) we an bound Φ in terms of τ ,
(2.5) |Φ| ≤ 4M |τ |
For Φ in this range and small a the polynomial τ−2Ra(r, τ,Φ) an be viewed as a small
perturbation of
τ−2R0(r, τ,Φ) = r4(r − 3M)
whih has a simple root at r = 3M . Hene for small a the polynomial Ra has a simple
root lose to 3M , whih we denote by ra(τ,Φ).
In [23℄ the following result is proved:
Theorem 2.1. Let u solve ✷Ku = f in MR. Then
(2.6) ‖u‖2LEWK + sup
v˜
E[u](v˜) + E[u](Σ+R) . E[u](Σ
−
R) + ‖f‖2LEW∗
K
.
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The exat denition of the norms LEWK is not important; what matters is that it
is equivalent to H1t,x on ompat sets outside an O(1) neighborhood of r = 3M and is
degenerate on the trapped set (desribed above). Near innity (say for r > 4M) the
norm LEWK is dened on dyadi regions as follows:
(2.7) ‖u‖LEWK = sup
j∈Z
2−
j
2 ‖∇t,xu‖L2(R×{|x|∈[2j−1,2j ]}) + 2−
3j
2 ‖u‖L2(R×{|x|∈[2j−1,2j ]})
The norm LEW ∗
K
is the dual of LEWK; in partiular, near innity it will be dened
as
(2.8) ‖f‖LEW∗
K
=
∑
j∈Z
2
j
2 ‖f‖L2(R×{|x|∈[2j−1,2j ]})
We rst improve Theorem 2.1 around r = 3M . We will work with the usual Boyer-
Lindquist oordinates (t, r, φ, θ) sine we are only interested in improving the estimate
around r = 3M . In these oordinates we an write
(2.9) ρ2
√
∆✷K
1√
∆
= LK = ∆∂
2
r +(−
(r2 + a2)2
∆
∂2t − a
2Mr
∆
∂t∂φ− a
2
∆
∂2φ+La) +V (r),
where
La = a
2 sin2 θ∂2t +
1
sin2 θ
∂2φ +
1
sin θ
∂θ(sin θ∂θ)
and
V (r) =
√
∆∂r(∆∂r
1√
∆
)
We an now take the Fourier transform in t (this is allowed sine by Theorem 2.1 sine
u is a tempered distribution in t) and φ, and expand FtLa (whih is an ellipti operator
on S
2
) as the ountable sum of its eigenvetors and orresponding eigenvalues λ2a (note
that λ0 orrespond to the usual spherial harmonis). This is possible sine the operators
∂φ and La ommute. We are left with the ordinary dierential equation
(2.10) (∆∂2r + Vλa,τ,Φ(r))w(r) = g
where
(2.11) Vλa,τ,Φ(r) = τ
2W (r − ra(τ,Φ))− λ2a + V.
and W (0) = W ′(0) = 0, W ′′(0) > 0.
Let γ0 : R→ R+ be a smooth inreasing funtion so that
γ0(y) =
{
1 y < 1
y y ≥ 2.
Let γ1 : R
+ → R+ be a smooth inreasing funtion so that
γ1(y) =
{
y
1
2 y < 1/2
1 y ≥ 1.
Let γ : R2 → R+ be a smooth funtion with the following properties:
(2.12) γ(y, z) =


1 z < C
γ0(y) y <
√
z/2, z ≥ C
z
1
2 γ1(y
2/z) y ≥
√
z/2, z ≥ C
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where C is a large onstant. In the sequel z is either a disrete parameter or very large
(see Remark 2.2), so the lak of smoothness at z = C is of no onsequene.
We dene the symbol
bps(r, τ, ξ,Φ, λa) = γ(−ψ(λa
τ
) ln((r − ra(τ,Φ))2 + λ−2a ξ2), lnλa),
and its inverse
b−1ps (r, τ, ξ,Φ, λa) =
1
γ(−ψ(λa
τ
) ln((r − ra(τ,Φ))2 + λ−2a ξ2), lnλa)
.
Here ψ : R→ R is a smooth uto suh that
ψ(y) =
{
1 y ∈ [−4,−2] ∪ [2, 4]
0 y ∈ (−∞, 8] ∪ [−1, 1] ∪ [8,∞)
The role of ψ is to make sure that b = 1 when τ ≪ λa and τ ≫ λa.
Observe that, as opposed to their Shwarzshild ounterparts aps and a
−1
ps dened in
[13℄, the symbols bps and b
−1
ps will depend on τ and Φ.
We note that if λa is small then bps and b
−1
ps both equal 1, while if λa is large then
they satisfy the bounds
1 ≤ bps(r, τ, ξ,Φ, λa) ≤ bps(r, τ, 0,Φ, λa) ≤ (lnλa) 12 ,
(lnλa)
− 1
2 ≤ b−1ps (r, τ, 0,Φ, λa) ≤ b−1ps (r, τ, ξ,Φ, λa) ≤ 1.
(2.13)
We also observe that the region where y2 > z orresponds to (r− ra(τ,Φ))2+λ−2a ξ2 <
e−
√
lnλa
. Thus dierentiating the two symbols we obtain the following bounds
|∂αr ∂βξ ∂νλa∂ητ bps(r, τ, ξ,Φ, λa)| ≤ cα,β,ν(1 + | ln((r − ra(τ,Φ))2 + λ−2a ξ2)|)λ−β−ν−ηa
(2.14)
((r − ra(τ,Φ))2 + λ−2a ξ2 + e−
√
lnλa)−
α+β+η
2 ,(2.15)
respetively
|∂αr ∂βξ ∂νλa∂ητ b−1ps (r, τ, ξ,Φ, λa)| ≤ cα,β,νb−2ps (r, τ, ξ,Φ, λa)(1 + | ln((r − ra(τ,Φ))2 + λ−2a ξ2)|)
(2.16)
λ−β−ν−ηa ((r − ra(τ,Φ))2 + λ−2a ξ2 + e−
√
lnλa)−
α+β+η
2 ,(2.17)
when α+β+ ν+ τ > 0 and lnλ ≥ C. These show that we have a good operator alulus
for the orresponding pseudodierential operators. In partiular in terms of the lassial
symbol lasses we have
(2.18) bps, b
−1
ps ∈ Sδ1−δ,0, δ > 0.
By (2.15) and (2.17) one easily sees that these operators are approximate inverses.
More preisely for small λa, lnλa < C, they are both the identity, while for large λa
(2.19) ‖bwps(λa)(b−1ps )w(λa)− I‖L2→L2 . λ−1a e
√
lnλa , lnλa ≥ C.
Choosing C large enough we insure that the bound above is always muh smaller than 1.
8 MIHAI TOHANEANU
Remark 2.2. The role played by λa hanges from the proof of Theorems 2.3 to the proof
of the Strihartz estimates. Sine all of our L2 estimates admit orthogonal deompositions
with respet to the eigenfuntions assoiated to λa, it sues for Theorems 2.3 to x λa
and work with the operators bwps(λa). However, in the proof of the Strihartz estimates
we need kernel bounds for operators of the form Bps, whih is why we think of λa as a
fourth Fourier variable (besides τ , Φ and ξ) and trak the symbol regularity with respet
to λa as well. Of ourse, this is meaningless for λa in a ompat set; only the asymptoti
behavior as λa →∞ is relevant.
We an now introdue the Weyl operators
Bps =
∑
λa
bwps(λa)Πλa ,
respetively
B−1ps =
∑
λa
(b−1ps )
w(λa)Πλa .
where Πλa are the spetral projetors on the eigenspaes of La determined by λa.
We use these two operators in order to dene the improved loal energy norms around
r = 3M . Let I be a small neighborhood of 3M (whih does not depend on a). We say
that u˜ ∈ LEKps if u˜ : R× I × S2 → R and
(2.20) ‖u˜‖LEKps = ‖B−1ps u˜‖H1 ≈ ‖A−1ps ∇u˜‖L2 <∞,
Similarly f˜ ∈ LEK∗ps if f˜ : R× I × S2 → R and
(2.21) ‖f˜‖LEK∗ps = ‖Bpsf˜‖L2 <∞.
Let χ(r) be a uto funtion supported on I whih equals 1 on a smaller neighborhood
of size O(1) near 3M , and u :MR → R. We say that u ∈ LEK if χu is the restrition of
some u˜ ∈ LEKps on MR, and
(2.22) ‖u‖LEK = inf
u˜|MR=χu
‖u˜‖LEKps + ‖(1− χ)u‖LEWK
Similarly if f : MR → R, then f ∈ LE∗K if χf is the restrition of some f˜ ∈ LEK∗ps
onMR, and
(2.23) ‖f‖LE∗
K
= inf
f˜|MR=χu
‖χf˜‖LEK∗ps + ‖(1− χ)f‖LEW∗K
Our improved loal energy estimate reads:
Theorem 2.3. For all funtions u whih solve ✷Ku = f in MR we have
sup
v˜>0
E[u](v˜) + E[u](Σ+R) + ‖u‖2LEK . E[u](Σ−R) + ‖f‖2LE∗K.
Proof. We start with the following estimate near r = 3M , whih is the equivalent of
Proposition 3.3 from [13℄:
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Proposition 2.4. a) Let u be a funtion supported in {5M/2 < r < 5M} whih solves
✷Ku = f . Then
(2.24) ‖u‖2LEKps . ‖f‖2LEK∗ps.
b) Let f ∈ LEKps∗ be supported in {11M/4 < r < 4M}. Then there is a funtion u
supported in {5M/2 < r < 5M} so that
(2.25) sup
t
E[u] + ‖u‖2LEKps + ‖✷Ku− f‖2LE1∗
K
. ‖f‖2LEK∗ps.
Proof. We start with part (a). By Planherel's formula and the fat that
(2.26) Φ < λa
(2.24) will follow if we an prove that
(2.27) ‖∂rw(r)‖L2 + (|τ |+ |λa|)‖(b−1ps )w(τ,Φ, λa)w‖L2 . ‖bwps(τ,Φ, λa)g‖L2 .
for any xed τ , Φ and λa (here b
w
ps(τ,Φ, λa) is the one dimensional pseudodierential
operator obtained from bps by xing τ , Φ and λa.)
Depending on the relative sizes of λa, τ and Φ and taking into aount (2.26) we
onsider several ases. In the easier ases it sues to replae the bound (2.27) with a
simpler bound
(2.28) ‖∂rw‖L2 + (|τ |+ |λa|)‖w‖L2 . ‖g‖L2.
Case 1: λa, τ,Φ . 1. Then Vλa,τ,Φ(r) ≈ 1. We solve (2.10) as a Cauhy problem with
data on one side; namely, if
E[w](r) = ∆(∂rw)
2 + w2
then an easy omputation shows that
d
dr
E[w](r) . E[w](r) + g2
By Gronwall's inequality and the fat that E[w](r) = 0 away from the photonsphere we
obtain the pointwise bound
|w| + |∂rw| . ‖g‖L2
whih easily implies (2.28).
Case 2: Φ, λa ≪ τ . Then Vλa,τ,Φ(r) ≈ τ2, ∂rVλa,τ,Φ(r) ≈ τ2 for r in a ompat set;
therefore (2.10) is hyperboli in nature. Hene we an solve (2.10) as a Cauhy problem
with data on one side; namely, if
E[w](r) = ∆(∂rw)
2 + Vλa,τ,Φ(r)w
2
then an easy omputation shows that
d
dr
E[w](r) . E[w](r) + g2
By Gronwall's inequality and the fat that E[w](r) = 0 away from the photonsphere we
obtain the pointwise bound
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τ |w| + |∂rw| . ‖g‖L2
whih implies (2.28).
Case 3: λa ≫ τ . Then Vλa,τ,Φ(r) ≈ −λ2a for r in a ompat set; therefore (2.10) is
ellipti. Then we solve (2.10) as an ellipti problem with Dirihlet boundary onditions
on a ompat interval and obtain
λ
3
2
a ‖w‖L2 + λ
1
2
a ‖∂rw‖L2 . ‖g‖L2
whih again gives (2.28).
Case 4: λa ≈ τ ≫ 1. In this ase (2.28) no longer holds. However, we an now use
Proposition 3.4 from [13℄ whih states
Proposition 2.5. LetW be a smooth funtion satisfying W (0) = W ′(0) = 0, W ′′(0) > 0,
and |ǫ| . 1. Let w be a solution of the ordinary dierential equation
(∂2r∗ + λ
2(W (r∗) + ǫ))w(r∗) = g
supported near r∗ = 0. Then we have
(2.29) ‖∂r∗u‖L2 + λ‖(a−1ps )w(λ)u‖L2 . ‖awps(λ)g‖L2 ,
Here the symbols aps(λ) and (a
−1
ps )(λ) are dened as follows
aps(λ)(r
∗, ξ) = γ(− ln(r∗2 + λ−2ξ2), lnλ),
a−1ps (λ)(r
∗, ξ) =
1
γ(− ln(r∗2 + λ−2ξ2), lnλ) .
We an now apply Proposition 2.5 with r∗ = r − ra(τ,Φ), W as in (2.11) and with
bwps(τ,Φ, λa) and (b
−1
ps )
w(τ,Φ, λa) replaing a
w
ps(λ) and (a
−1
ps )
w(λ) respetively. Note that
there the extra ∆ oeient in front of ∂2r in (2.10) plays no role, sine ∆ ≈ ∂r∆ ≈ 1
near r = 3M .
Part (b) follows now from part (a) exatly like in Proposition 3.3 from [13℄ with λa
replaing the spherial harmonis λ and r∗ = r − ra(τ,Φ). 

We now repeat the arguments in Setion 4 of [13℄ to turn the improved loal energy
estimate, Proposition 2.4 into Strihartz estimates, Theorem 1.1. The only (minor) dif-
ferenes appear in proving Case II of Proposition 4.10, whih we will settle below. We
thus need to prove
Proposition 2.6. For u supported in {5M/2 < r < 5M} we have
‖∇u‖2Lpv˜H−ρ,q . E[u](0) + ‖u‖
2
LEKps
+ ‖✷Ku‖2LEK∗ps.
Proof. Clearly the operator ✷K an be replaed by LK . The potential V an be negleted
due to the straightforward bound
‖V u‖LE∗ps . ‖u‖LEps.
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Indeed, for uλa the eigenfuntion orresponding to the eigenvalue λ
2
a we have
‖V uλa‖LEK∗ps . | ln(2 + λa)|
1
2 ‖uλa‖L2 . λa| ln(2 + λa)|−
1
2 ‖uλa‖L2 . ‖uλa‖LEps
We introdue the auxiliary funtion
ψ = B−1ps u.
By the denition of the LEKps norm we have
(2.30) ‖ψ‖H1 . ‖u‖LEKps.
We also laim that
(2.31) ‖LKψ‖L2 . ‖u‖LEKps + ‖LKu‖L2.
Sine B−1ps is L
2
bounded, this is a onsequene of the ommutator bound
[B−1ps , LK ] : LEKps → L2,
or equivalently
(2.32) [B−1ps , LK ]Bps : H
1 → L2.
It sues to onsider the rst term in the symbol alulus, as the remainder belongs to
OPSδ1−δ,δ, mapping H
δ
to L2 for all δ > 0. The symbol of the rst term is
q(τ,Φ, ξ, r, λa) = {b−1ps (λa),∆ξ2 −
(r2 + a2)2
∆
τ2 − a2Mr
∆
τΦ− a
2
∆
Φ2 + λ2a}bps(λa)
and a-priori we have q ∈ S1+δ1−δ,δ. For a better estimate we ompute the Poisson braket
q(τ,Φ, ξ, r, λa) = b
−1
ps (λa)γy(y, lnλa)ψ(
Φ
τ
)
4ξ(r − ra(τ,Φ))− 2ξλ−2a (τ2W (r − ra(τ,Φ)) + 2(r −M)ξ2
(r − ra(τ,Φ))2 + λ−2a ξ2
where y = (r − ra(τ,Φ))2 + λ−2a ξ2 and W ≈ r2. The rst three fators on the right are
bounded. The fourth is bounded by max{λa, τ} by Cauhy Shwarz and the fat that q
is supported in |ξ| . λa. Hene we obtain q ∈ (τ +λa)S01−δ,δ, and the ommutator bound
(2.32) follows.
Given (2.30) and (2.31), we loalize as before ψ to time intervals of unit length and
then apply the loal Strihartz estimates. By summing over these strips we obtain
‖∇ψ‖LpH−ρ,q . ‖u‖LEKps + ‖LKu‖L2
for all sharp Strihartz pairs (ρ, p, q).
To return to u we invert B−1ps ,
u = Bpsψ + (I −BpsB−1ps )u.
The seond term is muh more regular, sine by (2.19) we have
I − BpsB−1ps ∈ S−1+δ1−δ,0 , δ > 0.
This leads to
‖∇(I −BpsB−1ps )u‖L2H1−δ . ‖u‖LEKps, δ > 0;
therefore all the Strihartz estimates are satised simply by Sobolev embeddings.
12 MIHAI TOHANEANU
For the main term Bpsψ we take advantage of the fat that we only seek to prove
the nonsharp Strihartz estimates for u. The nonsharp Strihartz estimates for ψ are
obtained from the sharp ones via Sobolev embeddings,
‖∇ψ‖H−ρ2,q2 . ‖∇ψ‖H−ρ1,q1 ,
3
q 2
+ ρ2 =
3
q 1
+ ρ1, ρ1 < ρ2.
To obtain the nonsharp estimates for u instead, we need a slightly stronger form of the
above bound, namely
Lemma 2.7. Assume that (ρ1, p1, q1), (ρ2, p2, q2) are Strihartz pairs with p1 < p2,
q1 < q2 <∞. Then
(2.33) ‖Bpsw‖Lp2H−ρ2,q2 . ‖w‖Lp1H−ρ1,q1 ,
3
q 2
+ ρ2 =
3
q 1
+ ρ1.
Proof. We need to prove that the operator
B˜ = Opw(ξ2 + λ20 + 1)
− ρ2
2 BpsOp
w(ξ2 + λ20 + 1)
ρ1
2
maps Lq1 into Lq2 . The prinipal symbol of B˜ is
b˜(r, τ, ξ,Φ, λa) = (ξ
2 + λ20 + 1)
ρ1−ρ2
2 bps(r
∗, ξ, λa),
and by the pdo alulus the remainder is easy to estimate,
B˜ − b˜w ∈ OPSρ1−ρ2−1+δ1−δ,0 , δ > 0.
The onlusion of the lemma will follow from the Hardy-Littlewood-Sobolev inequality
(applied separately for t, r and ω) if we prove a suitable pointwise bound on the kernel
K of bw0 , namely
(2.34) |K(t1, r1, ω1, t2, r2, ω2)| . |t1 − t2|−1+
1
p1
− 1
p2 (|r1 − r2||ω1 − ω2|2)−1+
1
q1
− 1
q2 .
For xed r we onsider a smooth dyadi partition of unity in frequeny as follows:
1 = (1− χ{τ≈λa})χ{|ξ|>λa}χ{µ<1} + χ{τ≈λa}
∑
µ≥1 dyadi
χ{λa≈µ}
µ∑
ν=0
χ{|ξ|≈ν}
This leads to a similar deomposition for b˜, namely
b˜ = b˜00 +
∑
µ≥1
µ∑
ν=0
b˜µν .
In the region {|ξ| & λ} ∪ {µ < 1} ∪ {τ ≫ λ} ∪ {τ ≪ λ} the symbol b˜ is of lass Sρ1−ρ2 ,
whih yields a kernel bound for b˜00 of the form
|K00(t1, r1, ω1, t2, r2, ω2)| . (|t1 − t2|+ |r1 − r2|+ |ω1 − ω2|)−3+ρ2−ρ1 .
The symbols of b˜µν are supported in {|ξ| ≈ ν, λ ≈ τ ≈ µ}, are smooth on the same sale
and have size at most ln(ν−1µ)µρ1−ρ2 . Clearly on their support we also have λ0 ≈ λa ≈ µ.
Hene after integration by parts we get that their kernels satisfy bounds of the form
|Kµ,ν(t1, r1, ω1, t2, r2, ω2)|
. ln(ν−1µ)µρ1−ρ2ν(|r1 − r2|ν + 1)−Nµ2(|ω1 − ω2|µ+ 1)−N(|t1 − t2|µ+ 1)−N
.|t1 − t2|−1+
1
p1
− 1
p2 ln(ν−1µ)µ
3
q1
− 3
q2 ν(|r1 − r2|ν + 1)−Nµ2(|ω1 − ω2|µ+ 1)−N
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for all nonnegative integers N . Then (2.34) follows after summation. 

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